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: Abstract 

ly-^ . The rationality and C2-cofiniteness of the orbifold vertex operator algebra V^* 

\ are established and all the irreducible modules are constructed and classified. This 

■ is part of classification of rational vertex operator algebras with c = 1. 
^! 2000MSC:17B69 

'S- 1 Introduction 

, Motivated by the classification of rational vertex operator algebras with c = 1, we inves- 

tigate the vertex operator algebra V^^ where L2 is the root lattice of type Ai and A/^ is 
the alternating group which is a subgroup of the automorphism group of lattice vertex 
00! operator algebra Vlj. The C2-cofiniteness and rationality of V^^ are obtained, and the 

^ \ irreducible modules are constructed and classified. 

^ ■ Classification of rational vertex operator algebras with c = 1 goes back to [G] and [K] 

■ in the literature of physics at character level under the assumption that each irreducible 
O I character is a modular function over a congruence subgroup and the sum of the square 

norm of irreducible characters is invariant under the modular group. According to [K], the 
character of a rational vertex operator algebra with c = 1 must be the character of one of 
the following vertex operator algebras: (a) lattice vertex operator algebras Vl associated 
with positive definite even lattices L of rank one, (b) orbifold vertex operator algebras 
5^ ■ '^L under the automorphism of Vl induced from the —1 isometry of L, (c) where 

(a, a) = 2 and G is a finite subgroup of 5*0(3) isomorphic to one of {^4, 6*4, A{\. As it is 
pointed out in |DJ1] that this list is not correct if the effective central charge c |DM2] is 
not equal to c. The vertex operator algebra Vl for any positive definite even lattice L has 
been characterized by using c, the effective central charge c and the rank of the weigh one 
subspace as a Lie algebra |DM2j . The orbifold vertex operator algebras V^ for rank one 
lattices L have also been characterized in |DJl] - jDJ3] and |ZD] . But the vertex operator 
algebra V^^ has not been understood well as G is not a cyclic group. Although V^^ is in 
the above list of rational vertex operator algebras, the rationality of was unknown. 
The present paper deals with the case G = A^. 
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The main idea is to realize as (V^)^""^ where (3) = 8 and a is an automorphism 
of s/(2, C) of order 3. The vertex operator algebra is well understood (see |DNl] - jDN3] . 
|Al] - |A2] ). Also it is easier to deal with the cyclic group (cr) than nonabelian group ^4. 
One key step is to give an explicit expression of the generator u^^^ of weight 9. Another 
key step is to prove the C2-cofiniteness of V^. We achieve this by using the fusion rules 
of the Virasoro vertex operator algebra L(l, 0) and technical calculations. The rationality 
follows from the C2-cofiniteness |M2] . For the classification of irreducible modules, we 
follow the standard procedure. We first construct the irreducible cr^-twisted V^-modules, 
and then give the irreducible (V^)^'^^-submodules. According to |M1] . these irreducible 
modules should give a complete list of irreducible (V^)^°'^-modules. 

It is expected that the ideas and techniques developed in this paper will work for Vf^ 
as well. The case G = might be more complicated. Once the rationality of is 
established for all G, the classification of rational vertex operator algebras with c = 1 is 
equivalent to the following conjecture: If is a simple, rational vertex operator algebra 
of CFT type such that dim V4 < 3 then V is isomorphic to for G = ^4, 5*4, A^. 

The paper is organized as follows. We recall various notions of twisted modules from 
|DLM1] in Section 2. We also briefly discuss lattice vertex operator algebras Vl |FLM] 
and including the classification of irreducible modules and rationality |DNl] - jDN3] . 
|A2] . |AD] . |DJL] . In Section 3, we identify the vertex operator algebra with (V^)^*^^ 
and discuss several special vectors (which play important roles in later sections) in both 
and (V^^Y'^K The rationality and C2-cofiniteness of (V^)^""^ are established in Section 
4. The classification of the irreducible (V^)^*^^ -modules is achieved in Section 5. 

2 Preliminaries 

We first recall weak twisted-modules and twisted-modules for vertex operator algebras 
from |DLM2j . Let (V, Y,l,u) he a vertex operator algebra [B], |FLMj and g an automor- 
phism of V of finite order T. Denote the decomposition of V into eigenspaces with respect 
to the action of g as 

V = ®rez/TzV'' (2.1) 

where V = {v E V\gv = e"^™'/'^t;}. 

Definition 2.1. A weak g-twisted V -module M is a vector space equipped with a linear 
map 

V (EndM){z} 

V ^^ Yuiv, z) = ^ VuZ"""^^ {vn e End M) 

neQ 
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which satisfies the following for aA\ < r < T — 1, u G , v G V, w G M, 

Ym{u,z)= (2-2) 

uiw = for / » (2.3) 

Ym{1,z) = 1; (2.4) 



Zq ^5 ( -^y— ^ j ^M(ti, 2:i)yAf(t;, ^2) - ^5 ) Ym{v, Z2)Ym{u, Zi) 

-1 / ^2 + ^0 \ r / ^2 + 



;^r^ ( S ] Ym{Y{u, z,)v, z,). 



(2.5) 



It is known that (see |DLM2] . etc) the twisted- Jacobi identity is equivalent to the 
following two identities. 

X K j (M„+it;)„+^_ . = X(-1)M ^ j(u„+^_it;„+^+, - (-l)™t;„+„+^_,M^+i), 

i>0 ^ ^ j>0 ^ ^ 

where p,n E Tj, u & V^, v G V^. 

Definition 2.2. An admissible g-twisted V-module M = ®ne-z+ ^(^) is a |;Z+-graded 
weak 5f-twisted module such that UmM{n) C M(wtu— m— 1+n) for u eV and m,n E ^Z. 

Definition 2.3. A g-twisted V-module M = ^xec ^ C-graded weak (7-twisted V- 

module with Mx = {m € M\L{0)u = Xu} such that Mx is finite dimensional and for fixed 
A G C, Mx+n/T = for sufficiently small integer n. 

We now review the vertex operator algebras M(l)^, and related results from [Alj . 
2], |AD], |XDL], [DNT], [DN2], [DN3], [DJL], jFLM] . 



Let L = Za be a positive definite even lattice of rank one. That is, {a, a) = 2k for 
some positive integer k. Set I) = C L and extend (■ , ■) to a C-bilinear form on {). Let 
[) = C[t,t~^] ® I) © CK be the affine Lie algebra associated to the abelian Lie algebra f) 
so that 

[a(m), a{n)] = 2kmSm+n,oK and [K, f)] = 

for any m, n & where a{m) = a ® t"^. Then f)-'' = C[t] f) © Ci^ is a commutative 
subalgebra. For any A G t), we define a one-dimensional [) -''-module Ce'*' such that 
a(m) ■ = (A, a)6m,oe'^ and ■ e'*' = e'*' for m > 0. We denote by 

M(l, A) = f/(^) ©^(j5>o) Ce^ = S{t-^C[t-^]) (linearly) 
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the {)-module induced from f}-°-module Ce . Set 

M(l) = M(1,0). 

Then there exists a hnear map Y : M(l) EndM{l)[[z, z'^]] such that (M(l), Y, 1, u) 
carries a simple vertex operator algebra structure and M(1,A) becomes an irreducible 
M(l)-module for any A G f) (see |FLMj ). The vacuum vector and the Virasoro element 
are given by 1 = e° and u = 1)^1, respectively. 

Let C[L] be the group algebra of L with a basis for f3 & L. The lattice vertex 
operator algebra associated to L is given by 

14 = M(1) ®C[L]. 

The dual lattice L° of L is 

L° = {AG()|(a,A)GZ} = ^L. 

Then L° = ujL_^_|_i(L + Aj) is the coset decomposition with Aj = ^a. In particular, 
Ao = 0. Set C[L + Xi] = ^p^L'Ce^~^^\ Then each C[L + A,] is an L-submodule in an 
obvious way. Set Vl+x^ = M{1) ®C[L + Aj]. Then Vl is a rational vertex operator algebra 
and Vi+Ai ioT i = —k + 1, ■ ■ ■ , k are the irreducible modules for Vl (see [B], |FLM] . jPlj ). 
Define a linear isomorphism 9 : V^+a^ — )■ V^-a.; for z G {— A; + 1, ■ ■ ■ , /c} by 

6'(a(-ni)a(-n2) ■ ■ ■ a(-^s) ® e^+^') = {-!)'' a{-ni)a{-n2) ■ ■ ■ a{-ns) ® e"^~^' 

where n-,- > and /3 E L. Then 6 defines a linear isomorphism from Vl° = M{1) ^ C[L°] 
to itself such that 

e{Y{u,z)v) = Y{eu,z)ev 

for M G Vl and G Vlo. In particular, 6 is an automorphism of Vl which induces an 
automorphism of M(l). 

For any 6'-stable subspace U of Vl°, let be the ±l-eigenspace of U for 6*. Then V^ 
is a simple vertex operator algebra. 

Also recall the ^-twisted Heisenberg algebra f)[— 1] and its irreducible module M{1){6) 
from |FLMj . Let Xs be a character of L/2L such that Xs{(^) = (~1)'' for s = 0, 1 
and T^^ = C the irreducible L/2L-module with character Xs- It is well known that 
Vf^» = M(l)(^) ®T^^ is an irreducible ^-twisted VL-module (see [FLM] , [02]). We define 
actions of ^ on M(l)(^) and Vf^= by 

9{a{—ni)a{—n2) ■ ■ ■ a{—np)) = {—iya{—ni)a{—n2) ■ ■ ■ a{—np) 

9{a{—ni)a{—n2) ■ ■ ■ a{—np) ®t) = (— l)^a(— ni)a;(— ^2) ■ ■ ■ a(— rip) t 

for rij E 2 + ^+ and t G T^^. We denote the ±l-eigenspaces of M{1){9) and 14 under 
by M(l)(6')^ and (V^'^')^ respectively. We have the following results: 
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Theorem 2.4. Any irreducible module for the vertex operator algebra M(l)+ is isomor- 
phic to one of the following modules: 

M(1)+,M(1)-,M(1,A) = M(l,-A) (0 7^ A G f)), Af (1)(^^)+, Af 

Theorem 2.5. Any irreducible -module is isomorphic to one of the following modules: 

Theorem 2.6. is rational. 

We remark that the classification of irreducible modules for arbitrary M[l)~^ and 
are obtained in |DNl] - jDN3] and |AD] . The rationahty of is established in |A2] for 
rank one lattice and |DJLj in general. 

We next turn our attention to the fusion rules of vertex operator algebras. Let V be 
a vertex operator algebra, and {i = 1,2,3) be ordinary l^- modules. We denote by 

ly I ^2 1 the vector space of all intertwining operators of type I ^2 1 • Fo'^ ^ 

F-module W, let W denote the graded dual of W. Then W is also a l^- module |FHL] . 
It is well known that fusion rules have the following symmetry (see |FHL] ). 

Proposition 2.7. Let (i = 1,2,3) be V -modules. Then 



Recall that L{c, h) is the irreducible highest weight module for the Virasoro algebra 
with central charge c and highest weight h for c, /i G C. It is well known that L{c, 0) is a 
vertex operator algebra. The following two results were obtained in [M] and jPJT] . 

Theorem 2.8. (1) We have 

( L(l A;^) \ 
dim/i(i,o) ( ^2)'^(^^ ) = 1, A; G Z+, \n-m\<k<n^m, 



^^^^^(i'°)(L(l,m2^)L(L^)) =°' ^ 



< In — ml or /c > n + m. 



where n,m ^ Z_|_ . 

(2) For n G Z+ S'uc/i i/ia^ n ^ p^ , for all p G Z_|_, we /iatJe 

L(l,n) 
, m?) Ld, n) 



dimJi(i,o) (^^^^ 
^^^^^(i'°)(L(l,m2^)L(l,n)) =° 



/or G Z_|_ such that k ^ n. 
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3 The vertex operator subalgebra V^^ 

Let L2 = l^a be the rank one positive-definite even lattice such that (a, a) = 2 and V^^ 
the associated simple rational vertex operator algebra. Then (Vlj)! — s/2(C) and (Vlj)! 
has an orthonormal basis: 

= ^a(-l)l, = ^(e" + e""), x^ = ^(e° - e""). 
V2 V2 V2 

Let Tj G y4'ut(VL2), i = 1, 2, 3 be such that 

Tii^x-^ , x'^ , x^) = {x^,x'^,x^) 



-1 



T2{X \x\x^) = {x\x%X'^) 
T3{X^ , x'^ , X^) = 

Let a G Aut{VL^) be such that 



-1 



-1 



a{x^ ,x'^,x^) = {x^ , x'^ , x'^) 



1 ^2 



1 
0-1 
-10 



Then a and Ti,i = 1,2,3 generate a finite subgroup of Aut{VL^) isomorphic to the alter- 
nating group A4. We simply denote this subgroup by A4. It is easy to check that the 
subgroup K generated by r,, i = 1, 2, 3 is a normal subgroup of A4 of order 4. Let 

J = h{-l)H - 2h{-3)h{-l)l + ^h{-2)H, E = e^ + e-^ 

where h = -^a, /? = 2a. The following lemma comes from [DGj . 

Lemma 3.1. = V^, and is generated by J and E. Moreover, (V/^)4 is four 
dimensional with a basis L(— 2)^1, L(— 4)1, J, E. 

By Lemma Em we have V^^^ = (V^)^'^^ A direct calculation yields that 

Lemma 3.2. We have 
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Let 

= J -VriiE, X"^ = J + ^iE. (3.1) 

Then it is easy to check that 

^(X^) = =^X\ a(X-, = ^^X^ (3.2) 
It follows that (V+ )f ^ C 0) and 



n>3 



as a module for L(1,0), where a„ is the multiphcity of L{l,n'^) in (V^)^'^^ By (13. 2p we 
immediately have for any n G Z, 

XlX' G (\/+)H. 

For convenience, we call highest weight vectors for the Virasoro algebra primary vec- 
tors. Note from |DG] that contains two linearly independent primary vectors J and E 
of weight 4 and one linearly independent primary vector of weight 9. It is straightforward 
to compute that 

8 112 20 

JgJ = -72L(-4)1 + 336L(-2)2l - 60J, E^E = — L(-4)l + ^(-2)^1 + —J 

3 9 9 

(cf. |DJ3j ). By Theorem 12.81 and Lemma \3.1\ we have for n G Z 

X^X"^ G L(l, 0) © L(l, 9) © L(l, 16). 

Note that a{E_2J-J-2E) = E_2J-J-2E. Since E_2J-J-2E G M(l) ©e^ + M(1) ©e"^ 
we see immediately that E^2J — J-2E is a primary vector of weight 9. 
The following lemma follows from Theorem 3 in |DM1] and (13. 2p . 



Lemma 3.3. We have decomposition 

where (V^)° = (V^)^'^^ is a simple vertex operator algebra and (V^)* is the irreducible 
{y^^pY -module generated by X* with lowest weight A, i = 1,2. 

Set 

8 119 
^o = -|l(-4)1 + ^L(-2)^1 (3.3) 

= -Y^(-5)l + ^-fL{-3)L{~2)l (3.4) 

2 , 1856 ^, ^, 2384 ^, ^, 1316^, 1088 ^, ^,3,^ ,^ ^, 

^ = - T^^(-4)^(-2) + J^H-Sy + ^^(-2)^)1 (3.5) 

464 928 40 544 

= {-^L{-7) - —L{-5)L{-2) + -L(-4)L(-3) + —L{-3)L{-2)')1 (3.6) 



V 



2 



,28 _ . 23 



-L(-2) + — L(-1)2)J, (3.7) 



75 ' ' 300 

14 14 1 

(^L(-3) + — L(-2)L(-1) - —Li-lf)J. (3i 
^75 ^ ^ 75 ^ ^ ^ ^ 300 ^ ^ ^ ^ 

,28 _ . 23 



V 
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(-L(-2) + — L(-1)2)E, (3.9) 



'75 ' ' 300 



14 14 1 

= + ^L{-2)L{-1) - —L{-ir)E. (3.10) 

By Lemma 2.5 of [DJ3j . we have the following lemma. 
Lemma 3.4. Let E and J be as before. Then 

20 

E3E = u'^ + —J, J3 J = 27m° - 60 J, J^E = mE, 
9 

E2E = + ^L{-l)J, J2J = 27^1 - 30L(-1) J, Ja^ = 30L(-1)E, 
9 

20 

EiE = u^ + —v"^, Ji J = 27^2 - 60t;2, J^E = mv\ 
9 

20 

EqE = u^ + —v^, JqJ = Tlv? - 60i;3, J^E = QOv\ 
9 

Using Lemma [3. 4[ one can check directly that 

(J_2^ - ^-2 J)8^ = -10800E, (J_2^ - J)8^ = 400J. (3.11) 
As a result, we have 

(j_2^ - E^2J)%x^ = -mV27ix\ (j_2^ - E_2J)%x'^ = mVfftX\ (3.12) 

By fl3.12p . we immediately know that J^2E — E_2J is a non-zero primary vector of weight 
9. Recall from [DG] that V^^^ has one primary vector of weight 9 up to a constant. A 
direct calculation yields that 

Lemma 3.5. The vector 

m(^) = — ^(15/i(-4)/i(-l) + 10/i(-3)/i(-2) + 10/i(-2)/i(-l)3) {e^ + e"/^) 
v2 

+ (6/i(-5) + 10/i(-3)/i(-l)2 + ^h{-2fh{-l) + /i(-l)^) ® (e'^ - e-^) 



IS a non-zero primary 



vector of weight 9 and u^^^ G C{J-2E — E^2J)- 



Note from [LlJ that there is a non-degenerate symmetric invariant bilinear form (-, ■) 
on V^. The next lemma gives a relation between u^^^ and J-2E — E_2J. 
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Lemma 3.6. We have 

J_2E-E_2J = -2V2u^^\ 
(u(9),„(9)) = 5400. 

Proof: By Lemma 1331 and ( 13. lip , we have uf^E G CJ. Denote F = e^ — e~^. Note that 
{V+^)^ = C/i(-3)/i(-l)l © Ch{-2)H © C/i(-l)^l © CE. 

Let W4 be the subspace of (V"^)4 hnearly spanned by E, 3)/i(— 1)1 and 2)^1. 
Then 

h{-l)H = J (mod W4). 

Furthermore, we have 

ihi-A)hi-l)E)sE =Y,i-iy+' ( \ ihi-l)E),_M^)Eimod W,) 

i=0 ^ ^ 

= - V8{h{-l)E)4F{mod W^) 

= - Vsf^hiy ( "/ ) {h{-l - 2)^4+. + E3-,./i(0)^(mod IV4) 

i=0 ^ ^ 

= - V8h{-l)EiF - 8E3E (mod 1^4)- 

Similarly, 

{h{-3)h{-2)E)sE = - 8E3E (mod W4), 
{h{-2)h{-lf E)sE = - Vshi-lfEeF - 2Ah{-lfE^E 

- 2AV8h{-l)EiF - 64^3^ (mod W^), 
{h{-5)F)sE ^VSF^F (mod W4), 
{h{-3)h{-lfF)sE =V^h{~lfF^F + lQh{-l)FiE + 8V8F3F (mod ^4)- 
(/i(-2)2/i(-l)F)8^ =8/i(-l)F4E + SVSF^F (mod 1^4), 

(/i(-1)5F)8^ =5y8/i(-l)^F7F + 80h{-l)^FQE + SOVShi-lfF^F 
+ 320h{-l) F^E + 6AV8F3F (mod Wi). 

It is then easy to check that 

u^E = -mV2h{-l)H (mod W4). 

This implies that 

4^)^ = -100727. 

Then by fl3niD . 

J^2E-E^2J = -2V2u^^\ 
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Note that 

( J_2^ - ^-2 J, J-2E) = {MJ-2E - E^2J), E) = -(( J_2^ - E_2J)sJ, E) 

and 

( J_2^ - ^-2 J, E^^J) = {E^{J-2E - E_2J), J) = {-{J-2E - E_2J)8E, J). 

Since 

{E,E)=2, (J, J) = 54, 
(see [DJ2] ) it follows from ( KW) that 

(J_2^ - ^-2 J, J-2^ - E_2J) = 43200 (3.13) 

and 

(m(9),m(9)) = 5400. 

The proof is complete. □ 

4 C2-cofiniteness and rationality of 

The C2-cofiniteness and rationality of is established in this section. The proof involves 
some very hard computations. 
By Lemma 13.21 we have 

J.gJ + 27E.gEe{V^^Y''\ 

Then it is clear that 

J_9J + 27E.gE = x° + + 27(6^^ + e"'''), (4.1) 

where x° E L{1,0), and X^^^) is a non-zero primary element of weight 16 in M(l)^. 
Denote 

^(16) ^^{i6)^27(e2^ + e-2''). (4.2) 
Then u^^^'' E (^^)^'^^ is a non-zero primary vector of weight 16. 
Lemma 4.1. We have the following: 

- 58800m(^^) E L(1,0). 

Proof: Denote E"^ = e^^ + e"^'^. By Theorem 12.81 and the skew-symmetry, we may 
assume that 
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for some v G 0) and c G C. To determine c we just need to consider [u{^u'''^\ E"^) by 
f lO]) . Recall that 

m(^) = — ^(15/i(-4)/i(-l) + 10/i(-3)/i(-2) + 10/i(-2)/i(-l)3) ® E 
v2 

+ (6/i(-5) + 10/i(-3)/i(-l)2 + ^/i(-2)2/i(-l) + ® F, 

where F = e^-e"^. To calculate ((/i(-4)/i(-l)®F)i(/i(-4)/i(-l)®F), F^), we only need 
to consider the coefficient of the monomial E"^ in 4)/i(— 1) ® E)i{h{—A)h{—1) E). 
Then direct calculation yields that 

((/i(-4)/i(-l)®F)i(/i(-4)/i(-l)®)F),F2) = (972^2,^2). 
Calculations for other monomials are similar. For example, 

{{h{-3)h{-2) ® E)i{h{-2)h{-lf®)E),E^) = (304^2,^2). 
Then one can check that 

{uf\^^\E^) = {1587Q00E^E'). 
It follows that c = 58800. □ 

Lemma 4.2. The following hold: (1) (V^)^°"^ is generated hy u'^^^ 
(2) (V^)^'^^ is linearly spanned by 



L{-ms) ■ ■ ■ L{-mi)u''^^u'-^\ L{-ms) ■ ■ ■ L{-mi)w^^ "■■'"^-fci 



If, 



where w,w^, ■■■ G {m'^^^ m'-"'^^-'}, /cp > ■ ■ ■ > /ei > 2, n G > ■ ■ ■ > mi > 1, 

s,p > 0. 

Proof: By Lemma [3.61 to can be generated by u^^\ It follows from [PGR] that (V^)^'^^ 
is generated by u^^^ and u^^^\ Then (1) follows from Lemma [4.11 
By (3.2) in [XT] and (3.3) in |S3], we have 

oo 

M(l,2y2m) = 0L(l,(2m + p)2), (4.3) 

p=0 

oo oo oo 

Vi = M(l)+ 0(0 M(l, 2V2m)) = M(l)+ 0(0(0 L{1, (2m + p)^)). (4.4) 

m=l m=l p=0 

By (14. 4p the subspace linearly spanned by primary elements of weight 16 in is three 
dimensional. Obviously is invariant under a. Note that e^^ + e~^^ G U^. Consider 
the M(l)+-submodule W of V^^^ generated by e^^ + e'^^. If e^^ + 6"^^ G (V'^"^)^''^, then 
by the fusion rule of M(l)+ (also see jDN2] ). J g ■ = G IV, G Z). So 
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J G (V^)^'^'*, which contradicts with Lemma [3.21 This imphes that a has an eigenvector 
in with eigenvalue not equal to 1. Since = 1 and is a vector space over C, 
it follows that both ~^+^^ and "-"^"^^ occur as eigenvalues of a on Ui. Recall that 
M^^^-* G (V^)^*^^ is a non-zero primary element of weight 16. So we immediately have 

= L{1, 0) L(l, 9) L(l, 16) 0(5^ a„L(l, n')). 

n>5 

Let f/^ be the subspace of primary vectors of weight 25 in V^. By f l4.4p . dimt/^ = 2. 
Consider the M(l)"'"-submodule W of generated by e^'' + e'"^^ again. By (14. 3p . there 
is a non-zero primary element w = x ® {e^^ + e~^^) -|- ?/ ® {e^^ — e~^^) of weight 25 in 
VI^ for some x e M(l)+ and y e M(l)-. Let L/^^) and U^^^^ be the L(l, 0)-submodules 
of (V^)^'^^ generated by m*^^-* and u^^^\ respectively. Then by Part (1) and the skew- 
symmetry, any element of weight 25 in (V^)^*^^ is a linear combination of elements in 
L(1,0) © f/(9) © f/(^^) and f/^^^ ■ f/^^^) =< G ?7(^),^; G f/^^^^ >. By Lemma [33] and 

(14. 2p . elements in f/*^^^ ■ f/^-"^^) have the forms: u © (e^ + e"^) + f © (e^ — e"''), where 
u G M(l)"'" and v G M(l)~. So we know that w ^ (^z/s)'^'^^- '^^^^ proves that (t|[/2 has 
eigenvalues not equal to 1. Since = 1 and dime = 2, it follows that (t|[/2 has two 
eigenvalues ~^+^^ and "-^"^V So we immediately have 

iyi,r''> = L{1, 0) L(l, 9) L(l, 16) 0(5^ a„L(l, n')). (4.5) 

n>6 

A proof similar to that of Lemma 4.3 in |DN2] gives (2) with the help of (1), (14. 5 p and 
Theorem 12.81 □ 

Lemma 4.3. We have 

-3 99 ^ ^ 1584 ^ ' ^ ' 11 ^ ^ 

+ H!l??!i(_2)L(-i)V«) + ^L(-i)V-). 

792 ^ ' ^ ' 3163 V ; 



653871670 _ 3303230375 



(9) (9) _ 2 OOOO^lOm ,, ^,^,(16) 



L(-6)m(^^) + ': L(-5)L(-1)m(^^) 



63063-27 ' ' 2018016-27 



489993820 , 5H5^i(^3)V«) 

63063 - 27 ^ ^ ^ ^ 9009 - 27 ^ ^ 

346772585 3338006885 

42042 • 27 ^ ^ ^ ^ 168168 - 27 ^ ' ^ ' ^ ' 

19408720 3^,.,, 14067649205 3^,.,, 

7007-27 ^ ^ 4036032-27 ^ ^ ^ ^ 
1055175305^^^^^^^^^,.,, 1185150565 

252252-27 ^ ^ ^ ^ 2018016-27 ^ ' ' 

119070745 

8072064-27 ^ ^ 



w/iere s\ G L(l, 0). 
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Proof: By Theorem 12.81 and the skew-symmetry, we may assume that 



(9)„(9) 



{9)„{9) 



U kU 



2 I 2 

s +y , 



where s^,s'^ G i:(l,0), y^^y"^ G f/^^^^ = 16) which is an 0)-submodule of {V^pY''^ 
generated by u^^^\ Then we may assume that 

y^ =aiL(-4)M(^6) + a2L{~?,)L{-l)u^^^^ + a3L(-2)\(i6) 



4^(16) 



To determine a^, 1 < i < 5, we consider {u"^\u^'^\w'' 
Lemma 14.11 and direct calculation, we have 



[w\w^), i,j 



1,2, 



5. Then by 



133 


224 


387 


576 


1920 




Oi 




43 


224 


3328 


480 


10560 


49920 




02 




560 


387 


480 


17673/2 


13152 


57600 




03 


= 58800 


675 


576 


10560 


13152 


162336 


1267200 




04 




7344 


1920 


49920 


57600 


1267200 


30159360 




O5 




93024 



We get that 



Ol 

14760 



162770 



5204015 



02 



99 ' 1584 ' 

1154225 354895 



03 



04 



05 



11 ' 792 ' 3168 

The first formula follows. The proof for the second one is similar. We omit it. 



□ 



Let V be any element in of weight m < 22. Then f is a linear combination of an 

element in V^^^ © V"^^^-* and elements in M(l)+ having the form h{—nt) ■ ■ ■ h(—ni)l such 

t 

that rit > ■ ■ ■ > rii > 1 and '^rii = m, where V^*^^-* and V^^^^^ are M(l)"*"-submodules of VJg 



i=l 



generated by E and E"^ respectively. We denote by c{v) the coefficient of the monomial 
h{—l)"^l in the linear combination. Then we have the following lemma. 



Lemma 4.4. 



447232 



19 -17 -11 -72 -52 -3' 
328099328 
19 -17 -13 -112 -73 -52 ■36' 
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Proof: Let k G 2Z + 1. We consider c(u^],m'-^''). By a direct but long calculation, we 
have 

c{u^%^^^) = - 2700c(E_fc_io^) - 13500c{h{-lY E^k-sE) - 18000V2c{h{-lfE_k-7F) 

- 31500c(/2.(-l)^E_fc_6^) - l5300V2c{h{-lf E^k-5F) 

- 9060c{h{-l)^E_k-4E) - 1620y2c(/i(-l)^^_fc_3F) 

- 345c(/i(-l)^E_fe_2^) - 20V2c(/i(-l)9E_fe_iF) - c{h{-\)^^E^kE) 
Note that for m G 2Z + 1, n G 2Z, m^n <1, 

ciE E) - ^ ■ r(E E) - ^ ' 

"^^"^^ - (7-m)! ' "^^"^^ - " (7-n)! " 

Let k = —3, = —5 respectively, we then get the lemma. □ 

As defined in [Z|, a vertex operator algebra V is called C2-cofinite, if V/C2iV) is finite- 
dimensional, where C2{V) = spanc{u-2v\u,v G V}. The following lemma comes from 

0- 

Lemma 4.5. (1) L{-l)u G Csl^) for u E V; 

(2) U-.kV G C2{V), for u,v eV and k > 2; 

(3) u_iv G C2{V), forueV,ve C2iV). 

We are now in a position to state the main result of this section. 
Theorem 4.6. (V^)^°"^ is C2-cofinite and rational. 

Proof: Let G L(1,0) be the same as in Lemma |4.3[ Then and are linear 

combinations of linearly independent elements having the forms L{—ms) ■ ■ ■ L(— mi)l and 
L{—nt) ■ ■ ■ L{—ni)l respectively such that > ■ ■ ■ > mi > 2, nt > ■ ■ ■ > ni > 2 and 

s t 

Y^rrii = 20, "^rii = 22. Assume the coefficients of L(— 2)^°1 and L(— 2)^^1 in the two 

i=l i=l 

linear combinations are ai and 02 respectively. Then by Lemma [4.51 

- aiL(-2)i°l, - a2L(-2)"l G C2{{y+pt^). 
Further, by Lemma 14.51 and Lemma 14.31 we have 



So 



aiL(-2)-l + l^L(-2)^.(-), a2L(-2)-l + ^|^L(-2)3.(-) g C2((V- 
Thus by Lemma [4.51 



aiL(-2)-l + i^L(-2)3.(-), a2L(-2)-l + ^^^L[-2fu^^^^ G C2((V-)^^^ 

(4.6) 
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On the other hand, note from the definition of L(— 2)1 that c(L(— 2)'^1) = 2^. This 
imphes that 

c(n(^)«(^)) - ^a. + i ■ 19408720 

So by Lemma 14.41 

2io«i + 4 11 ^ 19-17-11-72.52.3' ^ ^ 

1 1 19408720 (16) 328099328 
211 + 8 7007 . 27 ^ ~ ~ 19 ■ 17 ■ 13 ■ 11^ ■ 7^ ■ 5^ ■ 3^ ' 

If 

_ 14760 19408720 
"^/"^ - "TT/ 7007 -27' 
then by fjiTl) and fOl) . we have 

447232 14760 



2-19-17-11-72-52-3 _ 11 



328099328 19408720 ' 



19-17-13-ll2.73-52-3'5 7007-27 

But 

- 2.i9.i^ni?2.52.3 _ 32688117 6346431 _ ^ 



328099328 2 5 6 3 2 76 ^ 485218 ^9408720 



7^ 



19-17-13-112. 73-52-36 ^<juij^iu -tu^^j-u 7007-27 

This means that 

, , 14760 ,19408720 
1/ 2 ^ 11 ^ 7007-27 

By (14.61) ■ we have 

L(-2)^H,L(-2)Vi^)gC2((F+)<'^>). 

Then it follows from Lemma 14.21 that (V^)^'^^ is C2-cofinite. Since is rational and 
(V^lsY''^ is self-dual, it follows that {V^^Y''^ satisfies the Hypothesis I in [MS]. Then by 
Corollary 7 in [MS], iV±Y'''^ is rational. □ 



5 Classification and construction of irreducible mod- 
ules of )<-> 

We will first construct all the irreducible (T*-twisted modules of V^, i = 1,2. We have the 
following lemma. 

Lemma 5.1. There are at most two inequivalent irreducible a-twisted modules ofV^g. 
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Proof: Let {W, Y) be an irreducible V^-module. Define a linear map 

Y^:V^^^{EndW)[[z,z-']] 

by 

Y''{u,z)w = Y{a-\u),z)w 

where u G V^, w G W. Recall from |DLM1] that {W,Y") is still an irreducible module 
of V^p, which we denote by W. As in [DLMlj . if = W", we say W is stable under a. 
Recall from |DN2j that all the irreducible modules of are 



Vi^, (1 < r < 3), Vj^^,, V3•^ V^/^'^ 

with the following tables 







^Zl3 












u 





1 


1 

16 


1 
4 


9 

16 


1 


1 


E 

















1 


-1 


J 





-6 


3 

64 





45 

64 


3 


3 







yTu- 


^Z0 


T/'^2 - 

^ZI3 


u 


1/16 


9/16 


1/16 


9/16 


E 


1/128 


-15/128 


-1/128 


15/128 


J 


3/128 


-45/128 


3/128 


-45/128 



It is easy to check that 





^Zl3 — 




(Vz, 










^^Z/3+§ 










— ^Zl3 












(T r-u -frT2,— 

— ^ZI3 






yn, 


~' (^Z^''")" - ^Zl3+f 



Then the lemma follows from |A2] . |Y] and Theorem 10.2 in |DLM1] . □ 
Next we will prove that there are exactly two inequivalent irreducible cx-twisted V^- 
modules. We first construct irreducible cx-twisted Vf^j-modules. Let x\i = 1,2,3 be 
defined as in Section 3. Set 

h' = — ^(x^ + - x^), 
3^6 

16 



y = —;=[x H X H X' 



3^ 



n 1/1 —1 — v3* 9 1 — v3i q. 

Then ^ 

L(ra)/i' = Snflh', h\n)h' = — n G Z, 

io 

It follows that h'{0) acts semisimply on with rational eigenvalues. So e^'^*'*'*^°^ is an 
automorphism of (see |L2] . |DG] . etc.). Since 



it is easy to see that 
Let 



A(/.',z)=.^'(°)exp(5^^(-.)-'=), 
fc=i 

and 

Then and are all the irreducible V^j-modules and 

W\0) = CI, W\0) = Cet Ce-t. 

Let 

1 - (^3 - 1)(1 + 
w = 62 + ^ -e 2, 

1 



w- = —[{VS - l)et - (1 + i)e"^]. 



.2 _ 

~ V2 



Then ^2 = (c^2 g^^^ 

/i'(0)w;i = -w\ h'{0)w^ = --w^, 
6 6 

y\0)w^ = 0, y\0)w^ = w\y^{0)w^ = w^. 
From |L2] . we have the following lemma. 



Lemma 5.2. {W^''^^ ,Ycr{-, z)) = {W^,Y{A{h' , z)-, z)) are irreducible a-twisted modules of 
Vl„^ = 1,2. 
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Direct calculation yields that 

Aih',z)Li-2)l = L(-2)l + z-'h'{-l)l + ^z-H, (5.1) 

Y,{h',z) = Y{h' + ^z-\z), (5.2) 

Y,{y\z) = z-^Y{y\z), (5.3) 

Y,{y',z) = z~"^Y{y',z). (5.4) 

To distinguish the components of Y{u, z) from those of Ycr{u, z) we consider the following 
expansions 

Y^{u,z)= J2 «n^"""'' Y{u,z) = J2u{n)z-''-\ 

where u G Vl^ such that a{u) = e~^u. By fl5.2l) - fl5.4p and direct calculation, we have 
the following lemma. 

Lemma 5.3. Write W''^' = ®n&iz+W''^' (n) as admissible a-twisted module. Then 

W^'^UO) = CI, W^'^U-) = Cyiil = 0, 

3 3 

W'^^A = Cy\l = Cy\ W'^^^i^ = Cy\l = Cy\ 

3 3 3 3 

W^'^^iO) = Cw\ W^'^^{\) = Cy' = £w\ 

3 3 

W'^^^{\) = Cy\w' = 0, W'^^i^) = Cy\w' = Cy\-2)w\ 

3 3 3 3 

VFi'^i(o) = -^^d, L(0)|^y2,Ti(o) = -id. 
We have the following result. 
Theorem 5.4. W^'^^ and W'^'^^ are the only two irreducible a-twisted modules ofV^^. 

Proof: By Lemma |5T3| W^''^^ and W'^''^^ are inequivalent a-twisted modules of V"^. Note 
that ly^'^i and VT^'^i have irreducible quotients which are a-twisted modules of V^^ with 

lowest weights — and -, respectively. If W'^''^^ is not irreducible for some z, then the 
36 9 

1 1 

lowest weight A of the maximal proper submodule is different from — and -. By [Y] , 

is C2-cofnite. It follows from jPLMl] that has an irreducible a-twisted module 
with lowest weight A. This means that there are at least three inequivalent irreducible a- 
twisted modules of V^, which contradicts Lemma ISTTl So W^'"^^ and ly^'^^ are irreducible 
inequivalent a-twisted V^-modules. Then the theorem follows from Lemma 15. 1[ □ 
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Note that 
and 

So we similarly have 

Lemma 5.5. [W'^''^'^ ^ z)) = {W\Y{A{—h',z)-,z)) are irreducible -twisted mod- 
ules of VL2,i = 1, 2. 

It is easy to see that 

A(-/i', z)L{-2)l = L(-2)l - z'^h'{~l)l + ^z-% (5.5) 

60 

Y,-.{-h\z) = Y{-h' + ^z~\z), (5.6) 

Y,^^{y\z) = z~'sY{y\z), (5.7) 
Y^-^{y^z) = z"^Y{y\z). (5.8) 

By (ESD-lIEHl), we have 

iyi'^2(0) = CI, W^'^^^i-) = Cy2 ,1 = 0, 

3 3 

W^'^^il) = Cyl.l = Cy\ W'^^ih = Cy\l = Cy\ 

3 3 J 3 

W^'^\<d) = Cw\ W^'^^'i-) = Cy^ = Cw\ 

6 3 

W^^^^l) = Cy' = 0, W^^^%^) = Cy sw' = Cy\-2)w\ 

3 3 3 3 

-^^(0)|,4/i,T2(o) = —id, L(0)|^2,T2(o) = 
Similar to Theorem 15.4^ we have 
Theorem 5.6. W^^'^^ p^2,T2 

are the only two irreducible a'^-twisted modules ofV-^^. 

We finally classify all the irreducible modules of V"//. Recall that (V^,)^''^ = V^^\ We 
prove, in particular, that any irreducible (V^)^"^^ -module is contained in some irreducible 
(T*-twisted V^-module, i = 0, 1, 2. 

Let and X"^ be defined as in (13. ip . By Lemma |3.3[ X* generates an irreducible 
(V^)^'^^-module with lowest weight 4, denoted by (V^)*, = 1,2. 
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Note that W^''^^, W^''^'^, i = 1, 2 can also be regarded as (V'2^)^'^^-modules. Set 



3^' 



4. 



w 



Then we have the following lemma. 

Lemma 5.7. Let W^'"^^'^ he the (V^^)^'^^ -module generated by w^''^^'^ , where i,j = 1,2, 
k = 1,2,3. Then W^''^^''', i,j = 1, 2, = 1, 2, 3 are irreducible (V^i^)^"^ -modules such that 



L{0)w 



1,^1,1 



36 



L{0)w 
L{0)w 
L{0)w 
L{0)w 



l,Ti,2 _ ^y^l,Ti,2 

36 

l,Ti,3 _ 49^1 j.^ 3 



36 



2,Ti,l ^ lyj^'Tul 

9 



2,Ti,2 



-W 



2,Ti,2 



L{0)w 



2,Ti,3 



16 



2,Ti,3 



36 



-w 



L(0)«;2,T2,3 



^^l,T2,2 

36 
36 



9 



2,T2,1 



-W 

9 

16 



2,T2,2 



-W 



2,T2,3 



Proof: The lemma follows from a general result: Let f/ be a vertex operator algebra 
with an automorphism g of order T. Let M = Yln£^z+ M{n) be an irreducible ^^-twisted 



admissible [/-module. Then M* = 
0,...,T- 1 (cf. jPMT] ). 

We have the following lemma from |DM1] 



M{n) is an irreducible l^^-module for i 



□ 



Lemma 5.8. As an (V^i^)^'^'^ -module, 

stxc/i i/iai (V2_,_i^)°, (V^+i^)"^ and (Vi^i^)'^ are irreducible (V^^)^'^'^ -modules generated by 
g/3/4 ^ g-/3/4^ /^(_2) ^ (e//4 _ g-/3/4) _ y2/i(-l)2 ® (e'^/^ + e-^/*) + a{e^^/^ + e-^^/^) and 
h{-2) ® {e^/" - e-^/^) - V2h{-iy ® (e^/^ + e""/^) - aie'f'l^ + e-""^!^) for some O^aeC 
with weights \, | and | respectively. 
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We are now in a position to state the main result of this section. Recall that (V^)° = 

Theorem 5.9. There are exactly 21 irreducible modules of {V^^)^'^K We give them by the 
following tables 1-4- 






















4 


4 


1 


16 


16 









y^/l,Ti,3 




py2,Ti,2 


Vl/2,Ti,3 


UJ 


1 

36 


25 

36 


49 
36 


1 


4 
f) 


16 

9 












p^2;j2,i 


p^2/J2,2 


^.2/^2,3 


UJ 


1 

36 


25 
36 


49 
36 


1 

9 


4 
9 


16 
9 











UJ 


4 


9 
4 


9 
4 



Proof: It follows from the proof of Lemma 15.11 and Theorem 6.1 in [DMlj that V^^, 
V^/s+i^ and V^^_,_3^ are irreducible (V^)^'^^-modules and as (V^)^'^^ -modules, 



T/~ — T/~ — T/+ T/ o — T/"^2j 



' '^Z/3+M — >^Z/3 — *'^Z/3 



Then the theorem follows from Lemma 13.31 Lemma 15. 8[ Theorems 15.41 and 15. 6[ Theorem 
island Theorem A in [Mlj- □ 
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